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Effects of quantum confinement of electrons in metal nanofilms are analyzed using a noninteracting
electron-gas model. Electrons are confined within a potential well with infinite-height barrier. The positions of
the barrier are at a fixed distance away from the geometric boundaries of the film such that the surface-charge
neutrality requirement is maintained at the bulk limit. The model predicts oscillations in basic physical prop-
erties such as the Fermi energy, electron density, surface free energy, and dipole layer moment as a function of
film thickness. We compare predictions of this electron-gas model with first-principles density functional
theory �DFT� for ten metal films. For Ag�110�, Ag�100�, Mg�0001�, Al�111�, Al�110�, and Pb�111� films, the
oscillation features obtained from the model are in good quantitative agreement with those from DFT calcu-
lations. However, for Al�100�, Pb�110�, and Pb�100� films, oscillation behavior in the model differs from DFT
calculations. For Ag�111�, the electron-gas model predicts weak oscillations, in contrast to the DFT calcula-
tions, in which no noticeable regular oscillations are observed.
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I. INTRODUCTION

Development of nanotechnologies involving deposition of
metals on substrates could benefit from further theoretical
analysis and understanding of the electronic-structure effects
associated with nanocluster and nanofilm geometries. If the
size of the nanostructure is comparable to the corresponding
electron Fermi wavelength, various physical properties may
exhibit strong size dependence due to effects of quantum
confinement of electrons.1–10 This phenomenon is usually
called the quantum-size effect �QSE�. For metal nanofilms,
many physical quantities, such as thermodynamic stabil-
ity,11–13 electrical resistivity,14 superconducting critical temp-
erature,15 the perpendicular upper critical field,16 surface ad-
hesion,17 thermal-expansion coefficient,18 surface free ener-
gy,19,20 surface diffusion barriers,20–22 surface adsorption
energy,20,23 work function,24,25 etc., oscillate as a function of
film thickness. Because of the possibility of significant dif-
ferences between the properties of a metal nanostructure and
its bulk counterpart, the measurement and interpretation of
such properties for the former has received considerable the-
oretical and experimental interest.

QSE in metal nanofilms was investigated by Schulte26

within the framework of a jellium model which generally
includes interactions between electrons. It became immedi-
ately obvious that much of the oscillatory feature has its
origin in the discreteness of the energy levels due to confine-
ment of electrons with the finite width of the film and a
noninteracting electron-gas model can capture most of the
features as shown by Schulte in the same paper. Surprisingly,
despite its simplicity, there are still some controversies re-
garding the usefulness of the electron-gas model in describ-
ing QSE.27,28 As a benchmark, in this paper, we study the
QSE in freestanding metal thin films using a free-electron-
gas model with infinite-height barrier. We find that the results
are very sensitive to the choice of the boundary position of
potential well relative to the geometric surface of the system,

mimicking the spilling of electrons outside the thin films in
real systems. By judiciously choosing this separation, we
find that very good agreement with the jellium model can be
achieved using the infinite barrier model.

On the other hand, density functional theory �DFT� calcu-
lations including the crystal structure of real physical sys-
tems can result in significantly different QSE behavior from
the jellium model or the electron-gas model. In this paper,
we study the following nanofilms: Ag�111�, Ag�110�,
Ag�100�, Mg�0001�, Al�111�, Al�110�, Al�100�, Pb�111�,
Pb�110�, and Pb�100�, using DFT. These choices are repre-
sentative of systems with different valance electrons �from 1
to 4�, different crystal structures �fcc and hcp�, and different
surfaces indices. We find different degrees of agreement be-
tween DFT and electron-gas model predictions for QSE in
these systems.

In Sec. II, we will present a detailed analysis �including
Fermi energy level, ground-state electron density, and sur-
face free energy� of the electron-gas model �EGM� for metal
nanofilms. In Sec. III, we apply these results to ten typical
metal systems and also compare against the results from
DFT calculations. In Sec. IV, we discuss the limitations of
the EGM and we provide a summary and conclusions in Sec.
V. Other results, including the energy per electron and the
dipole layer moment from the EGM, are given in Appendices
A and B.

II. THE ELECTRON-GAS MODEL

In this section, we use a model of noninteracting electrons
in a square-well potential well with infinite-height barrier as
the simplest model for QSE due to the confinement of elec-
trons within a metal thin film. Similar studies were already
performed by Pitarke and Eguiluz,27 and more recently by
Wu and Zhang.28 However, due to different choices of the
hard-wall boundary conditions in accounting for the spilling
of electrons into the vacuum, very different results were ob-

PHYSICAL REVIEW B 80, 155404 �2009�

1098-0121/2009/80�15�/155404�17� ©2009 The American Physical Society155404-1

http://dx.doi.org/10.1103/PhysRevB.80.155404


tained. Here, we show that a very simple treatment of the
spilling effect, choosing the hard wall at a fixed distance
from geometric surface of the thin film, provides very satis-
factory agreement with the fully self-consistent jellium
model.

As in the jellium model, we assume that the positive
charge is uniformly distributed within the thin film. How-
ever, we emphasize that for most quantities, the distribution
of the positive charge is inconsequential for the free-

electron-gas model. The boundaries of the potential well are
at a distance b from the jellium edge �corresponding to the
geometric surface of the film� as shown in Fig. 1. Thus, the
effective potential simplified by an infinite barrier, i.e., the
hard-wall potential, is expressed as

Veff = �0 for 0 � z � �

� for z � 0, z � �
,� �1�

where ��H+2b is the thickness of potential well and H is
the geometric thickness of the film.

As early as 1936, Bardeen29 showed that for a semi-
infinite surface, the requirement of charge neutrality imposes
a dependency on the position of the square-well potential
boundary and the corresponding barrier height U0 in a free-
electron-gas model for a metal surface. For U0→� �i.e., the
hard-wall potential�, the separation, b, satisfies

b =
3�

8kF
=

3

16
�F, �2�

where kF and �F are the Fermi wave vector and Fermi wave-
length for a bulk metal in the standard free-electron-gas
model, i.e., the Drude-Sommerfeld model,30 respectively.
The values of kF and �F for five metals are listed in Table I.
For a finite U0, if b is set to zero, then the surface-charge
neutrality requires that U0 must equal the bulk-metal Fermi
energy EF. Ignoring the relationship of b and U0 can lead to
a deviation of a factor of 5 in the estimate of the bulk surface
free energy. However, only a 10% variation is found for the
complete range of possible values for b and U0 by satisfying

FIG. 1. Schematic illustration of a metal electron-gas nanofilm
in a square-well potential with the surface charge-neutrality require-
ment. Two vertical dashed lines represent the geometrical surfaces
of the metal film while two vertical thick solid lines represent the
potential boundaries.

TABLE I. Structures, zero-temperature geometrical constants, and corresponding calculated Drude-
Sommerfeld model parameters for bulk metal Ag, Au, Mg, Al, and Pb crystals. All experimental lattice
constants are the extrapolated values from nonzero temperatures. For Ag and Al, see Ref. 31; for Au, see Ref.
32; for Pb, see Ref. 33; for Mg, we obtain the zero-temperature lattice constants a and c from a second-order
polynomial extrapolation by using the data collected by Pearson.34 All DFT lattice constants are from this
work. All interlayer spacings and calculated model parameters correspond to their corresponding experimen-
tal lattice constants.

Ag Au Mg Al Pb

Valence electron number Z 1 1 2 3 4

Crystalline structure fcc fcc hcp fcc fcc

Experimental lattice constants �Å� a=4.0690 a=4.0650 a=3.1916 a=4.0317 a=4.9150

c=5.1815

DFT lattice constants �Å� a=4.166 a=4.168 a=3.191 a=4.049 a=5.035

c=5.195

�111� interlayer spacing a /�3 �Å� 2.3492 2.3469 2.3277 2.8377

�0001� interlayer spacing c /2 �Å� 2.5908

�110� interlayer spacing �2a /4 �Å� 1.4386 1.4372 1.4254 1.7377

�100� interlayer spacing a /2 �Å� 2.0345 2.0325 2.0159 2.4575

Positive charge density p �Å−3� 0.059374 0.059550 0.043755 0.061037 0.033689

Wigner-Seitz radius rs �Å� 1.5902 1.5886 1.3973 1.0924 1.2100

Fermi wavevector kF �Å−1� 1.2069 1.2081 1.3735 1.7568 1.5861

Fermi wavelength �F �Å� 5.2060 5.2009 4.5746 3.5766 3.9615

Fermi energy EF �eV� 5.54968 5.56061 7.18745 11.75839 9.58451

Energy per atom �bulk �eV� 3.32981 3.33637 4.31247 7.05504 5.75070
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the charge-neutrality requirement.35 Thus, in this paper, we
restrict our attention to the case of U0→�.

For a metal nanofilm with the thickness H, if one does not
allow for any charge spilling by simply setting b to zero,
then a spurious term �1 /H appears in the expression of
Fermi wave vector of the metal nanofilm.36–39 When this
type of electron-gas model without charge spilling28,40 is
used to calculate electronic properties of a metal nanofilm,
there is a significant discrepancy between the results from
the EGM and DFT calculations, as will be discussed below.

For a metal nanofilm with the finite thickness H, in prin-
ciple, the parameter b �at the limit of U0→�� can also de-
pend on H. However, if one assumes that the highest-
occupied energy level 	 f �defined as the Fermi energy of the
film� is also H dependent, the charge neutrality requirement
only imposes a relation between 	 f and b. In Pitarke and
Eguiluz’s work,27 	 f is fixed at the bulk value, and b is ad-
justed. In Wu and Zhang’s work,28 b is set to zero while 	 f

is adjusted. In this paper, we fix b at the bulk film value 3
16�F

and adjust 	 f with varying H.
Solving the corresponding Schrödinger equation for a pe-

riodic D
D slab �supercell� along xy plane of the nanofilm,
one can obtain the single-electron wave functions as

�kx,ky,l�x,y,z� =
1

D
ei�kxx+kyy��l�z� , �3�

where l=1,2 ,3 , . . . and kx�y�=2�lx�y� /D with lx�y�=0,

1, 
2, . . .. The so-called quantum well state �QWS� wave
functions �l�z� in Eq. �3� are simply

�l�z� =�2

�
sin

l�z

�
�4�

and the eigenenergies are

	l =
�2

2me

l2�2

�2 , l = 1,2,3, . . . , �5�

where me is the mass of an electron. In k space, the occupied
subbands compose a series of Fermi discs defined by26

�2

2me
�kx

2 + ky
2� � 	 f − 	l, l = 1,2, . . . ,n , �6�

where kx�y� is the x�y� component of k and the Fermi energy
	 f is defined as the highest-occupied energy level, which cor-
responds to the radius of the Fermi sphere. It follows that the
maximum number n of Fermi discs can be determined by
	n�	 f �	n+1. Accounting for this feature, one can obtain
analytical expressions for various physical properties as a
function of film thickness, as discussed separately below.

A. Fermi energy level

Considering the Fermi discs defined by Eqs. �6� and �5�,
and considering the bulk average electron density, i.e., the
Drude-Sommerfeld electron density

TABLE II. Cusp position Hn and the difference Hn+1−Hn be-
tween two nearest-neighboring cusps in Fig. 2. Hn is in units of �F.

n Hn Hn+1−Hn

1 0.000000 0.596270

2 0.596270 0.511856

3 1.108125 0.504893

4 1.613018 0.502686

5 2.115704 0.501700

6 2.617404 0.501173

7 3.118578 0.500859

8 3.619436 0.500656

FIG. 2. �Color online� Fermi energy 	 f �red solid curve� from
Eq. �8� and eigenvalues 	n=1,2,3,. . . �blue solid curves� from Eq. �5�
versus nanofilm thickness H. Black dashed line corresponds to the
bulk Fermi energy EF and green dash-dotted vertical lines represent
the cusp positions Qn from Eq. �10�.

FIG. 3. �Color online� Ground-state electron-density distribution
w�z� versus nanofilm thickness H from Eq. �14� and depth z in the
range from 0 to � /2, where �=H+2b is the potential-well thick-
ness. w�z� from � to � /2 is determined from the range above and
not shown in the figure.
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wbulk � pZ =
NZ

D2H
=

kF
3

3�2 , �7�

where p=N / �D2H� is the number of atoms per unit volume
and Z is the valence electron number, we can obtain the
Fermi energy as

	 f�n,H� = EF�4Q

3n
+

�n + 1��2n + 1�
24q2 � , �8�

where n is the number of Fermi discs inside the Fermi
sphere, Q�H /�F, q�� /�F=Q+ 3

8 , and the bulk �Drude-
Sommerfeld� Fermi energy

EF =
�2

2me
kF

2 =
�2

2me

4�2

�F
2 . �9�

It is easily verified from Eq. �8� that when H→� �therefore
n→��, 	 f →EF. By definition, Eq. �8� only applies when
	n�H��	 f�n ,H��	n+1�H�. Define the crossing point of
	 f�n ,H� and 	n�H� as Hn, one can show that the applicability
of Eq. �8� is from Hn to Hn+1. As film thickness H increases

continuously, n will increase one by one. 	 f�n ,H� is a smooth
function for Hn�H�Hn+1 but the first derivatives of 	 f�n
−1,H� and 	 f�n ,H� at H=Hn for n�1 are unequal, and con-
sequently a cusp appears at such switch point from n−1 to n.
The cusp positions Hn=Qn�F can be shown to satisfy

64Qn
3 + 48Qn

2 + 9Qn = 8n3 − 6n2 − 2n �10�

by letting 	 f�n ,Hn� equal 	n�Hn� with the use of Eqs. �8� and
�5�.

Figure 2 shows the Fermi energy 	 f from Eq. �8� and
eigenvalues 	n=1,2,3,. . . from Eq. �5� versus nanofilm thickness
H. As analyzed above, there are cusps on the 	 f curve at H
=Hn and the curve of 	n versus H coincides with the nth

TABLE III. Surface free energies �bf for bulk Ag, Au, Mg, Al,
and Pb films.

Ag Au Mg Al Pb

�bf �meV /Å2� 32.164 32.291 53.949 144.389 95.935

FIG. 4. �Color online� Electron densities �in unit of bulk elec-
tron density wbulk� �a� w�b� at the surface and �b� w�� /2� at the
center of the film, versus nanofilm thickness H from Eq. �14�.
Green dash-dotted vertical lines represent the cusp positions Qn

from Eq. �10�. Dashed black horizontal line corresponds to wbulk.
The dotted blue horizontal line in �a� denotes the constant �
=0.4557. . ..

FIG. 5. �Color online� �a� Surface free energy �, �b� first deriva-
tive ��, and �c� second derivative �� versus nanofilm thickness H
from Eq. �17�. Dashed black horizontal line in �a� corresponds to
bulk film surface free energy �bf and green dash-dotted vertical
lines represent Qn from Eq. �10�.
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cusp. With increasing H, the 	 f oscillates around the bulk
Fermi energy EF and the oscillation amplitude decreases
gradually. Asymptotically, the upper envelope through the
cusps can be approximately written as EF	1+1 / �6n2�
 while
the lower envelope through the local minima can be approxi-
mately written as EF	1−1 / �12n2�
. For comparison, with b
=0, 	 f versus H will deviate strongly from the result in Fig.
2 due to a spurious contribution �1 /H 	cf. Fig. 5�b� in Ref.
28
.

To visualize more clearly the near periodicity of the os-
cillations in 	 f versus H in Fig. 2, from Eq. �10�, we calculate
the position Hn and the difference between neighboring
cusps, as listed in Table II. With increasing H or n, the dif-
ference Hn+1−Hn quickly approaches �F /2. From Eq. �10�,
the cusp position Hn can be expanded as

Hn =
�F

2
�n −

3

4
−

1

12n
−

1

24n2 − ¯� . �11�

The first two terms in the bracket correspond to the result
from Schulte’s free-electron-gas model analysis, in which a
constant 	 f is assumed.26 While an excellent approximation
for large H or n, it deviates from the exact results signifi-
cantly for small n. Nonetheless, the oscillatory behavior in 	 f
with a near �F /2 periodicity is the same.

B. Ground-state electron density

The ground-state electron-density distribution can be cal-
culated from

w�x,y,z� = 

kx,ky,l

�kx,ky,l
� �x,y,z��kx,ky,l�x,y,z� , �12�

where �kx,ky,l
� is the complex conjugate of �kx,ky,l and the sum-

mation runs over the NZ �total electron number in the super-
cell� lowest-lying occupied eigenstates �including spin�. Sub-
stituting Eq. �3� into Eq. �12� and using the Fermi discs
defined by Eq. �6�, the electron density can be expressed as

w�z� =
me

�2�


l=1

n

�	 f − 	l��n
2�z� . �13�

It is obvious that the electron density w is only the function
of z for a jellium nanofilm with thickness H because of trans-
lational invariance in the xy plane. Note that the coordinate
origin of z is at one hard-wall potential-well boundary �see
Fig. 1� and the positive direction of z is toward the inside of
the film. Thus, w�z=b� gives the electron density at the geo-
metric surface of the film, which is equivalent to w�z=�
−b�, and w�z=� /2� gives the electron density at the center of
the film.

From Eqs. �13�, �8�, and �5�, we obtain the ground-state
electron density as

FIG. 6. �Color online� Surface free energy �L versus Ag�111� nanofilm thickness L from �a� EGM and �b� DFT calculations, respectively.
Stability index ��L versus L from �c� EGM and �d� DFT calculations, respectively. The insets in �a� and �c� provide expanded views.
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w�z� =
wbulk

128nq3 �2�2n + 1��n2 + n + 32Qq2�

+ 6n�2n + 1�cot � csc � cos	�2n + 1��


+ �8n3 + 6n2 + n − 64Qq2 − 3n cot2 ��


csc � sin	�2n + 1��
 − 3n csc3 � sin	�2n + 1��
� ,

�14�

where ��z /�F and wbulk is expressed by Eq. �7�. In Eq. �14�,
the first term is independent of z and the other z-dependent
terms give rise to the Bardeen-Friedel oscillations due to the
existence of a surface,41 as discussed below. It can be veri-
fied from Eq. �14� that when H→� �therefore n→��, w�z�
approaches the well-known expression at bulk film limit.37

Figure 3 shows a three-dimensional �3D� oscillation sur-
face of the electron density w�z� versus H from Eq. �14�.
This 3D curve is analogous to Fig. 5 in Schulte’s paper,26

where the curve surface is obtained numerically from a self-
consistent calculation of the jellium model. For any fixed
thickness H, the electron density w oscillates as a function of
position z due to the existence of a surface. For any fixed
position z, the electron density w oscillates with cusps as a
function of thickness H, and the positions of cusps are again
determined by Eq. �10� with a period of ��F /2.

We illustrate the special case of the surface electron den-
sity w�z=b� versus H, as shown in Fig. 4�a�. From Fig. 4�a�,
it is clear that with increasing H, w�b� steeply increases for

extremely small H, and then oscillates with cusps and de-
creasing amplitudes around the value of �wbulk, where the
constant �=0.4557. . .. Another special case is the electron
density at the center of the nanofilm w�z=� /2� versus H, as
shown in Fig. 4�b�. From Fig. 4�b�, w�� /2� is also oscillatory
as a function of H. With increasing H, w�� /2� monotonically
increases for any odd n and monotonically decreases for any
even n.

C. Surface free energy

The surface free energy of a film is defined as

� =
E − NZ�bulk

2A
, �15�

where E is the total energy of supercell, NZ is the total elec-
tron number in the supercell, A=D2 is the area of the bottom
or top face of the supercell, and �bulk= 3

5EF is the energy per
electron for bulk metal from the Drude-Sommerfeld model.

By considering the Fermi discs defined by Eq. �6�, it can
be shown that the total energy of the film slab is

E =
meD

2

2��2 

l=1

n

�	 f
2 − 	l

2� . �16�

Substituting Eq. �16� into Eq. �15�, and using Eqs. �8� and
�5�, we have

FIG. 7. �Color online� Surface free energy �L versus Ag�110� nanofilm thickness L from �a� EGM and �b� DFT calculations, respectively.
Stability index ��L versus L from �c� EGM and �d� DFT calculations, respectively. The insets in �a� and �c� are the corresponding local
enlargements.
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��n,H� = 10�bf�16Q2

9n
+

Q�n + 1��2n + 1�
9q2

−
n�n + 1��2n + 1��8n2 + 3n − 11�

2880q4 −
8Q

5
� ,

�17�

where the bulk film surface free energy �bf is expressed as

�bf =
�2

2me

kF
4

80�
�18�

as previously obtained by Huntington.35 The values of �bf for
five metals are listed in Table III. It is easily verified from
Eq. �17� that when H→� �therefore n→��, �→�bf.

Equation �17� defines a family of smooth curves of
��n ,H� versus H corresponding to different n but ��n ,H�
only determines the physical surface free energy for Hn
�H�Hn+1. One can show that the � curve thus obtained is
C1 continuous, i.e., at the switch point Hn for n�1, ��n
−1,H�=��n ,H�, and ���n−1,H�=���n ,H� but ���n−1,H�
����n ,H�, where �� and �� denote the first and second de-
rivatives of � with respect to the dimensionless film thick-
ness Q, respectively. Therefore, the switch points Hn for n
�1 correspond to inflection points on the curve of � versus
H, as shown in Figs. 5�a�–5�c� 	cf. Fig. 2, where the curve of
	 f versus H is C0 continuous, i.e., 	 f�n−1,H�=	 f�n ,H� but
the first derivative is not continuous at Hn for n�1
.

As shown in Fig. 5�a�, � versus H resembles a damped-
sinusoidal function around the oscillation center �bf and the
amplitude decays as �1 /H2 asymptotically for large H. In
contrast, for b=0, the oscillation of � is not around �bf but
asymptotically approaches the value of 5�bf. When H=0, the
value of � is infinity �see Fig. 6 in Ref. 28�. Therefore, the
behavior of � versus H in ignoring charge spilling is remark-
ably different from Fig. 5�a� due to the spurious contribution
�1 /H, as mentioned in Sec. I.

D. Comparison with previous models

Pitarke and Eguiluz also use an electron-gas model with
the hard-wall potential, calling the model the infinite barrier
model27 to calculate surface free energy. The difference be-
tween their model and our electron-gas model is that they
implicitly assume the Fermi energy 	 f to be a constant �i.e.,
the bulk value EF�. Therefore, they do not find oscillations as
seen in Fig. 2. Then, they obtain a thickness-dependent z0
�which is equivalent to our b� using the charge-neutrality
requirement. As a result, the curve of surface free energy
versus nanofilm thickness from their model is very different
from Fig. 5�a�. On their surface free-energy curve, there exist
cusps which are always minima �see Fig. 4 in Ref. 27� while
in Fig. 5�a� from our model, the corresponding points are
always inflection points, as analyzed in Sec. II C. In other
words, from our model, there exists a phase shift of ��F /4
between the maxima of the � curve versus H and those of 	 f

FIG. 8. �Color online� Surface free energy �L versus Ag�100� nanofilm thickness L from �a� EGM and �b� DFT calculations, respectively.
Stability index ��L versus L from �c� EGM and �d� DFT calculations, respectively. The insets in �c� and �d� are the corresponding local
enlargements.
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curve versus H �cf. Figs. 5 and 2�. The electron-density
curves also differ between their model and ours. For ex-
ample, in Fig. 4�b�, there is always a cusp at any switch point
from n to n+1 while in Fig. 2 of Ref. 27, there is a maximum
instead of a cusp at the switch point from n to n+1 for any
odd n.

Recently, Ogando et al.42 determined the surface free en-
ergy versus the freestanding nanofilm thickness from a self-
consistent calculation of the stabilized jellium model using
the electron density of Pb. Our result, as shown in Fig. 5�a�,
is consistent with the “total” surface free-energy curve in
Fig. 2�c� of Ref. 42, where indeed it is an inflection point but
not a minimum at H=Hn, and the curve exhibits the damped-
sinusoidal-like shape. This behavior is inconsistent with the
result from Pitarke and Eguiluz’s model in Ref. 27.

III. APPLICATIONS TO METAL NANOFILMS

For a metal electron-gas nanofilm, the thickness H is al-
lowed to be continuous, as discussed in Sec. II. For a real
metal nanofilm, the thickness H only takes the values of H
=Ld , L=1,2 ,3 , . . ., i.e., the number of monolayers, L, can be
used to label the thickness of the film. In order to compare
with the results from DFT calculations or experiments for a
real nanofilm, one should extract only the discrete values
corresponding to L=1,2 ,3 , . . . from the results obtained
through the EGM. Below, to identify the discrete thickness,
we add the subscript L to the symbol denoting the physical

quantity, e.g., �L, EL, etc., indicating the corresponding nano-
film thickness L in unit of ML.

To describe the thermodynamic stability of a real nano-
film, it is necessary to define a discrete second difference
function, i.e., the “stability index”20

��L =
EL+1 + EL−1 − 2EL

A
, �19�

where A is the area of the supercell base face. ��L is related
to chemical-potential-type quantities.20,43,44 The physical in-
terpretation of ��L as follows: for ��L�0, a film with
thickness L is unstable as it can lower its energy by bifurcat-
ing into films of thickness L−1 and L+1; for ��L�0, the
film is stable against such a bifurcation.

Next, we analyze the oscillation period for a real nanofilm
with the discrete thickness L. A simple useful rule can be
obtained from Eq. �11� that if the interlayer spacing d is
commensurate with an integer multiple of �F /2, i.e.,

jd � m�F/2, �20�

where both j�1 and m are the smallest possible positive
integers �with no common factor� then the film will display
oscillatory behavior with a period of jd.

However, for a specific metal film, generally speaking, jd
is never exactly equal to m�F /2, and this will result in a
more complicated oscillatory pattern. In the simplest case, if

FIG. 9. �Color online� Surface free energy �L versus Mg�0001� nanofilm thickness L from �a� EGM and �b� DFT calculations, respec-
tively. Stability index ��L versus L from �c� EGM and �d� DFT calculations, respectively. The insets in �a� and �c� are the corresponding
local enlargements.
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m�F / �2d� is sufficiently close but not exactly equal to the
integer j then a beating pattern with a period of �d occurs,
where

� = �m −
2jd

�F
�−1

. �21�

DFT calculations below for all metal films are performed
using the plane-wave-based Vienna ab initio simulation
package �VASP�.45 We use the PBE form of the generalized
gradient approximation.46 The interactions among electrons
and ions are described by the projector augmented-wave
approach.47 In any DFT calculation in this work, we always
relax all atoms in the supercell until the magnitude of the
forces on all relaxed atoms is less than 0.01 eV /Å. The op-
timized lattice constants for bulk Ag, Mg, Al, and Pb are
listed in Table I. These theoretical lattice constants were used
in all subsequent calculations.

In Secs. III A–III J, we will show results for the surface
free energies and stability indexes for Ag�111�, Ag�110�,
Ag�100�, Mg�0001�, Al�111�, Al�100�, Al�110�, Pb�111�,
Pb�100�, and Pb�110� nanofilms, respectively. In all calcula-
tions of surface free energies, the surface size of periodic
slab �supercell� is 1
1. The cutoff energies are always taken
to be their VASP default values: 249.8, 210.0, 240.3, and 98.0
eV for Ag, Mg, Al, and Pb, respectively. To prevent spurious
interactions between adjacent replicas of the thin-film sys-
tem, we use a vacuum layer that is 15 Å thick in the direc-

tion perpendicular to the surface. We find that to achieve
good convergence of surface energies, the number of k
points taken for different metal films is very different. It will
be individually specified in the following discussion. Also,
because the surface free energy �L in Eq. �15� sensitively
depends on the energy per atom, Ec�Z�bulk, requiring strin-
gent selection of the Ec value beyond the accuracy of DFT
calculations, when calculating �L we always take Ec as an
adjustable parameter with an uncertainty of roughly

2 meV about the DFT value.20

A. Ag(111)

Figure 6 shows the QSE in the surface free energy and
stability index for Ag�111� nanofilms from the EGM �left
panels� and DFT calculations �right panels�. The EGM re-
sults display an oscillatory pattern with a period of 10 ML.
On the other hand, no significant oscillations can be detected
from DFT calculations for L�3 ML. It should be mentioned
that to obtain the well converged ��L versus L from the DFT
calculations, a very large k-point mesh is necessary and oth-
erwise the significant numerical errors will appear, particu-
larly for large L. In the DFT calculations of Figs. 6�b� and
6�d�, the convergence is slow with increasing number of k
points, and we take the k-point mesh to be 70
70
1 �cf.
our previous calculations20�. From Figs. 6�b� and 6�d�, there
are no oscillations with the period of 10 ML. This is not
consistent with Figs. 6�a� and 6�c�. Nevertheless, the �L and

FIG. 10. �Color online� Surface free energy �L versus Al�111� nanofilm thickness L from �a� EGM and �b� DFT calculations, respectively.
Stability index ��L versus L from �c� EGM and �d� DFT calculations, respectively. The insets in �a� and �c� are the corresponding local
enlargements.
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��L curves exhibit overall consistency with the �L and ��L
curves in Figs. 6�b� and 6�d�, respectively.

From Fig. 6�d�, ��L is approximately equal to zero when
L�4, indicating that Ag�111� films with different thick-
nesses have the almost same stability beyond the critical
thickness Lc=4, i.e., Ag�111� nanofilms have the bulklike
property for L�4. Because ��L=2,3�0, both L=2 and 3 are
unstable. If there is a substrate surface underneath the
Ag�111� film, the basic curve shape of ��L versus L would
not change, but the Lc value could have a “shift” depending
on the property of the substrate material. The shift feature of
�L, ��L, or other electronic properties versus L has been
reported in the recent work for various systems.12,13,20,48–50 It
is then predicted that when Ag�111� nanofilms �or nanois-
lands with big enough lateral sizes� grow on a substrate sur-
face in vacuum evaporation-deposition experiments with suf-
ficient amounts of deposited Ag atoms, the Ag�111� islands
with few layers should be unstable during the initial growth,
and then the layer-by-layer growth mode dominates. This
prediction is consistent with recent detailed experiments51

for Ag deposition on Si�111�−7
7 surface, contrasting pre-
vious experiments52,53 for this system.

B. Ag(110)

A Ag�110� nanofilm is a good example where both the
primary oscillation and a beating pattern appear. For the
Ag�110� film, d=1.4386 Å, �F=5.2060 Å, and �F / �2d�

=1.8094�2, so from Eq. �21�, �=9.49. There should be a
primary oscillation with the period of 2 ML and a beating
pattern for the envelope of the primary oscillation with a
period of 9.5 ML as shown in Figs. 7�a� and 7�c�. For the
Ag�110� nanofilm, the surface free energy �L 	Fig. 7�a�
 and
stability index ��L 	Fig. 7�c�
 versus L obtained from the
EGM calculations are in good qualitative agreement with the
corresponding results 	Figs. 7�b� and 7�d�
 from DFT calcu-
lations.

In the recent vacuum evaporation-deposition experiments
for Ag on NiAl�110� surface,13 an initial bilayer-by-bilayer
growth mode of the Ag�110� nanofilm �or nanoislands� has
been observed, consistent with the above analysis of two-
layer oscillation. However, when the deposition coverage is
higher �L�6 ML�, the film structure will transform from
Ag�110� towards Ag�111� �noting that the latter has a lower
surface free energy than other crystalline planes of Ag�.
Thus, the beating effect cannot be easily accessed in these
experiments. In addition, we also have shown that the
NiAl�110� substrate induces a “phase shift” effect on the os-
cillation behavior while maintaining the basic oscillation
features.20 For more analysis details about the stability of
Ag�110� films, see our recent work.20

In the DFT calculations, our tests show that ��L versus L
for a Ag�110� film converges faster with increasing k points
than that for Ag�111� film 	Figs. 6�b� and 6�d�
. In the DFT
calculations of Figs. 7�b� and 7�d�, the k-point mesh is 52

52
1 �cf. Fig. 1 in Ref. 20, whereas the k-point mesh is
20
20
1�.

FIG. 11. �Color online� Surface free energy �L versus Al�110� nanofilm thickness L from �a� EGM and �b� DFT calculations, respectively.
Stability index ��L versus L from �c� EGM and �d� DFT calculations, respectively. The insets in �a� and �c� are the corresponding local
enlargements.
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C. Ag(100)

For a Ag�100� nanofilm, the EGM predicts a near 5 ML
oscillatory behavior in �L and ��L, as shown in Figs. 8�a�
and 8�c�, respectively. This is in overall agreement with the
corresponding results 	Figs. 8�b� and 8�d�
 from DFT calcu-
lations. In vacuum evaporation-deposition experiments for
Ag on Fe�100� surface,11,24 the growth mode of Ag�100� film
is basically consistent with the above analysis that the oscil-
lation period is about 4 or 5 ML. This is also confirmed from
previous DFT calculations of Wei and Chou.54 Similar be-
havior was observed in a theoretical DFT analysis for the
growth of Ag�100� films on both Al- and Ni-terminated
NiAl�100�.20

Based on a series of convergence tests for ��L versus L,
a k-point mesh of 52
52
1 suffices, and used in the DFT
calculations of Figs. 8�b� and 8�d� �cf. Fig. 5 in Ref. 20,
where the k mesh is 20
20
1, which is not sufficiently
large especially for the larger L�.

D. Mg(0001)

Results for Mg�0001� nanofilms are shown in Fig. 9. The
behavior of �L 	Fig. 9�a�
 and ��L 	Fig. 9�c�
 versus L from
the EGM calculations are in good agreement with the corre-
sponding results 	Figs. 9�b� and 9�d�
 from DFT calculations,
both exhibiting a 7–8 ML oscillation period. For additional
discussion of this oscillation behavior, also see the early
work of Feibelman55 as well as the recent work of Li et al.56

It should be pointed out that Fig. 3 for the surface free-
energy analysis in the paper of Li et al.56 fails to show
clearly the above-mentioned oscillation period of �7 or 8
ML. Most likely, this reflects the use of a too small k-point
mesh of 11
11
1. Based on a series of convergence tests
on the curve of ��L versus L, we use the k-point mesh of
61
61
1 in our DFT calculations of Figs. 9�b� and 9�d�.

E. Al(111)

Results for Al�111� are shown in Fig. 10. The behavior of
�L 	Fig. 10�a�
 and ��L 	Fig. 10�c�
 versus L from the EGM
calculations is in overall agreement with the corresponding
results 	Figs. 10�b� and 10�d�
 from DFT calculations. An
oscillatory pattern with a period of 3–4 ML can be discerned.
For additional discussion of this oscillation behavior, see the
early work of Feibelman et al.55,57 and the later work of
Boettger.58 It should be pointed out that the surface free-
energy analysis in Fig. 3 in the paper by Boettger58 fails to
show the above-predicted oscillation period of �3 or 4 ML.
Most likely, this reflects the use of a too small k-point mesh
even though it was 37
37
1. Based on a series of conver-
gence tests for ��L versus L, we use a k-point mesh of 45

45
1 in the DFT calculations of Figs. 10�b� and 10�d�.

F. Al(110)

Results for Ag�110� are shown in Fig. 11. The behavior of
�L 	Fig. 11�a�
 and ��L 	Fig. 11�c�
 versus L from the EGM

FIG. 12. �Color online� Surface free energy �L versus Al�100� nanofilm thickness L from �a� EGM and �b� DFT calculations, respectively.
Stability index ��L versus L from �c� EGM and �d� DFT calculations, respectively. The insets in �a� and �c� are the corresponding local
enlargements.

QUANTUM SIZE EFFECTS IN METAL NANOFILMS:… PHYSICAL REVIEW B 80, 155404 �2009�

155404-11



calculations is in overall agreement with the corresponding
results 	Figs. 11�b� and 11�d�
 from DFT calculations, espe-
cially for the oscillation period of �4 or 5 ML. However, the
curve shapes from the EGM and DFT calculations have
some noticeable difference, e.g., for small L, the trends of
curves in Figs. 11�a� and 11�c� are the opposite of those in
Figs. 11�b� and 11�d�. We will discuss this inconsistency fur-
ther in Sec. IV.

Based on a series of convergence tests for ��L versus L,
we use a k-point mesh of 46
46
1 in the DFT calculations
of Figs. 11�b� and 11�d�. For the oscillation behavior of
Al�110� film with increasing thickness, also see the work of
Kiejna et al.59 They used a DFT-based different method from
us but obtained surface free-energy curve for L from 1 to 16
ML close to that in Fig. 11�b�.

G. Al(100)

Results for Al�100� are shown in Fig. 12. The behavior of
�L 	Fig. 12�a�
 and ��L 	Fig. 12�c�
 versus L from the EGM
calculations disagrees with the corresponding results 	Figs.
12�b� and 12�d�
 from DFT calculations, especially for the
curve of ��L versus L. The oscillation period is 7–8 ML for
the EGM results, and 2–3 ML for the DFT results. This in-
consistency will be discussed in Sec. IV. Based on a series of
convergence tests for ��L versus L, we use the k-point mesh
of 71
71
1 in the DFT calculations of Figs. 12�b� and
12�d�.

H. Pb(111)

The QSE in Pb�111� nanofilms has been studied exten-
sively both theoretically and experimentally.60 Note that the
Pb�111� surface has a lower surface free energy than other
crystalline planes of Pb �Ref. 61� and therefore the Pb�111�
film can be readily formed in experiments. However, most
significantly, the amplitudes of both the first- and second-
order oscillations are large enough and damp slowly with
increasing Pb�111� nanofilm thickness so that the primary
oscillation behavior with a “beating” pattern can be observed
experimentally.

Results for Pb�111� are shown in Fig. 13. The behavior of
�L 	Fig. 13�a�
 and ��L 	Fig. 13�c�
 versus L from the EGM
calculations is in good agreement with the corresponding
results 	Figs. 13�b� and 13�d�
 from DFT calculations, show-
ing bilayer oscillation with a beating pattern �with a period
of 7.4 ML for EGM and around 9 ML for DFT�. The analysis
here for Pb�111� nanofilm is also consistent with the existing
experimental results.60 In the DFT calculations of Figs. 13�b�
and 13�d�, we use a k mesh of 60
60
1.

Ayuela et al.62 have recently performed the DFT calcula-
tions for Pb�111� films from L=1 to 60 ML and claim that
the nonspherical Fermi surface due to two nesting Fermi
wave vectors along the Pb	111
 direction causes unusual
beating pattern above 30 ML. The stability index curve from
their DFT calculations for the first 30 ML is similar to Fig.
13�d�. However, for L�30 ML, we find from our tests that

FIG. 13. �Color online� Surface free energy �L versus Pb�111� nanofilm thickness L from �a� EGM and �b� DFT calculations, respectively.
Stability index ��L versus L from �c� EGM and �d� DFT calculations, respectively. The insets in �a� and �c� are the corresponding local
enlargements.
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the shape of the curve is sensitive to the choice of the num-
ber of k points and the precision of DFT calculations beyond
�30 ML is insufficient to make a quantitative analysis for
the effect of the Fermi-surface shape.

In the paper of Özer et al.,63 the “electrons-in-a-box”
model that they use does not yield apparent oscillations in
the surface free energy. Even though they use a more realistic
�corrugated background� potential, the surface free energy
versus thickness L still displays a large discrepancy from the
DFT results, especially for small L, where there clearly exists
a spurious term �1 /L. The most likely reason is the absence
of the charge spilling in their model, as already discussed in
Secs. I and II.

I. Pb(110)

Results for Pb�110� are shown in Fig. 14. The behavior of
�L 	Fig. 14�a�
 and ��L 	Fig. 14�c�
 versus L from the EGM
calculations is in major disagreement with the corresponding
results 	Figs. 14�b� and 14�d�
 from DFT calculations. The
oscillation period from the EGM is 8–9 ML while for DFT it
is from 3 to 4 ML. A possible explanation is given in Sec. IV.
Based on a series of convergence tests for ��L versus L, we
use the k-point mesh of 41
41
1 in the DFT calculations
of Figs. 14�b� and 14�d�.

J. Pb(100)

Results for Pb�100� are shown in Fig. 15. The behavior of
�L 	Fig. 15�a�
 and ��L 	Fig. 15�c�
 versus L from the EGM

calculations is in major disagreement with the corresponding
results 	Figs. 15�b� and 15�d�
 from DFT calculations. The
oscillation period is 4 ML for the EGM results while from
DFT, the period is 2 ML. The likely reason is that the under-
lying lattice in Pb�100� nanofilms affects the band structures
and the dispersion relationship. See Refs. 64 and 65 for more
discussions. Based on a series of convergence tests on the
curve of ��L versus L, we use the k-point mesh of 41

41
1 in the DFT calculations of Figs. 15�b� and 15�d�.

IV. LIMITATIONS OF THE MODEL

It should be emphasized that the EGM with the hard-wall
potential in this work constitutes an extreme simplification
for realistic metal nanofilms. It cannot possibly describe ac-
curately all physical properties of actual metal nanofilm al-
though in some respects it is remarkably successful. Some
improvements of the model can be pursued �while still main-
taining the noninteracting feature�: �i� because the potential-
well barrier in our EGM is infinite, the model cannot be used
to describe work function directly. To investigate the QSE of
the work function as a function of nanofilm thickness, per-
haps the simplest strategy is to choose the potential-well bar-
rier U0 to be a finite constant, and simultaneously adjust the
charge spilling distance b to a suitable value. �ii� The EGM
value of �L→� �also see Table III� only depends on the charge
density and thus is independent of film orientation. This de-

FIG. 14. �Color online� Surface free energy �L versus Pb�110� nanofilm thickness L from �a� EGM and �b� DFT calculations, respec-
tively. Stability index ��L versus L from �c� EGM and �d� DFT calculations, respectively. The insets in �a� and �c� are the corresponding
local enlargements.
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fect can be somewhat remedied by taking the interactions
among ions and electrons into account.66

As pointed out in Sec. III, the oscillation behaviors ob-
tained from the EGM for ten typical metal nanofilms are in
varying degrees of consistency/inconsistency with the corre-
sponding results from DFT calculations. In particular, for
Al�100�, Pb�110�, and Pb�100� nanofilms, the oscillation
curves and periods from the EGM are markedly different
from the DFT results. The comparison between the EGM
results and self-consistent jellium results shows very good
overall agreements and the main reason for any discrepancy
is related to the lattice distribution of the positive charges in
a realistic metal crystal. This means that there are different
potential distributions for different crystalline orientations,
instead of simply taking constant U0 or other isotropic �i.e.,
rotation-invariant� potentials. This results in an anisotropic
and nonparabolic dispersion relationship.

Observations from nearly free-electron models of transi-
tion metals suggest that for 1-valence fcc�100�, 1-valence
fcc�110�, and 2-valence hcp�0001� metal nanofilms, the an-
isotropic effect would be weak, and good agreement with the
EGM should be expected. However, along the 	111
 direc-
tion, the Fermi surface of a noble metal lies above the free-
electron-like s band30 so that no crossings of the Fermi level
and QWS occur with increasing nanofilm thickness. This is a
likely reason why compared with the EGM, the DFT calcu-
lations show no noticeable regular oscillations for Ag�111�
nanofilms 	Figs. 6�b� and 6�d�
 when the film thickness is
bigger than 3 ML. For 3-valence Al�110� and Al�100� nano-

films, the anisotropic effect would be non negligible; for
4-valence Pb�110� and Pb�100�, the anisotropic effect would
be strong. For the bilayer oscillation behavior of Pb�100�
nanofilm 	see Figs. 15�b� and 15�d�
, Yu et al.64 as well as
Wei et al.65 provide some relevant energy-band analyses.

In addition, some other physical features such as the ef-
fect of the supporting substrate, the nanostructure geometry,
etc., will also influence the results. In spite of these limita-
tions, the model can satisfactorily reveal the basic oscillation
behavior in electronic properties of metal nanofilms, indicat-
ing that the other factors beyond the noninteracting electron
gas have relatively small contributions to the quantum-size
features.

V. CONCLUSION

Noninteracting electron-gas “particle-in-a-box” models
have been invoked frequently to describe the QSE in metal
thin films. While the period and even the beating pattern can
be readily obtained from any such model, the phase and
magnitude are sensitive to the detailed construction of the
model. In this paper, an EGM with an infinite potential bar-
rier and a suitable treatment of charge spilling satisfactorily
reveals the oscillation behavior of various electronic proper-
ties �such as Fermi energy, electron density, surface free en-
ergy, energy per electron, and dipole layer moment� versus
metal nanofilm thickness, manifesting the regular relation-
ship between the oscillation period and the Fermi wave-
length. Comparison with published self-consistent jellium

FIG. 15. �Color online� Surface free energy �L versus Pb�100� nanofilm thickness L from �a� EGM and �b� DFT calculations, respec-
tively. Stability index ��L versus L from �c� EGM and �d� DFT calculations, respectively. The inset in �a� is the corresponding local
enlargement.
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model results and our DFT results suggests that this model is
superior to previous systematic studies of QSE using the
electron-gas models with different simplifications regarding
charge spilling.

By analyzing ten typical metal films and comparing with
the results from DFT calculations, the overall quantum-size
features of metal nanofilms are mainly attributed to the con-
tribution from the confinement to noninteracting electron gas
rather than the interaction effects of electrons and/or ion
cores. For Ag�110�, Ag�100�, Mg�0001�, Al�111�, Al�110�,
and Pb�111� films, the oscillation features obtained from the
EGM are in good or overall agreement with those from DFT
calculations. However, for Al�100�, Pb�110�, and Pb�100�
films, the oscillation behaviors from the model are markedly
different with the results from DFT calculations. For
Ag�111�, the oscillatory feature of QSE is minimal.

After this manuscript was prepared, we noted a recently
published paper67 arriving at the same conclusion as our pa-
per regarding the inflection points of the surface energy us-
ing a similar electron-gas model.
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APPENDIX A: ENERGY PER ELECTRON

Substituting Eqs. �8� and �5� into Eq. �16�, and dividing
by total electron number D2Hwbulk 	see Eq. �7� for wbulk
, we
obtain the energy per electron as

� = �bulk�10Q

9n
+

5�n + 1��2n + 1�
72q2

−
n�n + 1��2n + 1��8n2 + 3n − 11�

4608Qq4 � , �A1�

where �bulk= 3
5EF is the energy per electron for bulk metal

from the Drude-Sommerfeld model. It is readily verified
from Eq. �A1� that when H→� �therefore n→��, �
→�bulk.

Figure 16 shows the form of � versus H which exhibits
steep oscillatory decay with increasing H to �bulk. Ignoring
charge spilling results in no noticeable oscillation 	see Fig.
5�c� in Ref. 28
. Details of the analysis for � versus H are
similar to those for � versus H in Sec. II C and are not
presented here.

APPENDIX B: DIPOLE LAYER MOMENT

As shown in Fig. 3, around the region near the geometric
surface of the jellium nanofilm, there is the significant charge
spilling of electrons relative to the step-function positive
charge background. Therefore, this will result in the forma-
tion of an electrostatic dipole layer. Thus, we define the di-
pole layer moment as

M = �
0

b+H/2

z�n+ − n−�dz . �B1�

The negative charge density n−=w�z� and the positive charge
density

n+ = �0 for 0 � z � b

wbulk for b � z � b +
H

2

.� �B2�

Then, the dipole layer moment

FIG. 16. �Color online� Energy per electron, �, versus nanofilm
thickness H from Eq. �A1�. Green dash-dotted vertical lines repre-
sent Qn from Eq. �10�.

FIG. 17. �Color online� Dipole layer moment M versus nanofilm
thickness H from Eq. �B4�. Dashed black horizontal line corre-
sponds to bulk film dipole layer moment Mbf and green dash-dotted
vertical lines represent the cusps position Qn from Eq. �10�.
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M = − �
0

b

zw�z�dz + �
b

b+H/2

z	wbulk − w�z�
dz �B3�

or

M

�F
2wbulk

= − �
0

3/16

�
w���
wbulk

d� + �
3/16

3/16+Q/2

��1 −
w���
wbulk

�d� ,

�B4�

where w��� is expressed by Eq. �14�.

The variation in M versus H is plotted in Fig. 17 and also
exhibits oscillatory behavior with cusps. The positions of
these cusps are determined by Eq. �10� and therefore the
oscillation period for the curve of M versus H is the same as
that of 	 f versus H in Fig. 2. However, there is a notable
difference between even and odd periods. The M value at a
cusp position of any even n is always larger than its two
neighboring M values at the cusp positions of n−1 and n
+1, and specially, around the cusp at Q2, the value of M is
negative, as shown in Fig. 17. For the bulk film, one can
obtain the bulk film dipole layer moment Mbf
�0.0014�F

2wbulk, which is the oscillation center of M versus
H in Fig. 17.
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